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The positive function p(v), where +ip(v) are the imaginary zeros of the second
derivative of the Bessel function /(=) of the first kind and order v > —1. increases
for 0 <v<0.4526 and decreases for 0.5<v< 1. This is in full agreement with the
numerical results given by M. K. Kerimov and S. L. Skorokhodov (U.S.S.R.
Comput. Math. Math. Phys. 25, No. 6 (1985), 101 107). 1990 Academic Press, Inc.

1. INTRODUCTION

This paper is concerned with the monotonicity of the positive function
p(v), where +ip{(v) are the imaginary zeros of the second derivative of the
Bessel function J.(z) of the first kind and order v> —1. In [4] the
existence of such a unique pair +ip(v) of purely imaginary zeros of J(z)
has been proved in the case O < v < 1. In that case, on the basis of numerical
calculations, M. K. Kerimov and S. L. Skorokhodov note in [6, p. 103]
that one of the zeros of J(z) moves along the imaginary axis, reaches its
maximum distance from the origin of coordinates roughly at v=0.5. and
then returns to the beginning. In this paper we give an analytical proof of
this numerical observation; namely, there is a value v, e [0.4526, 0.5] such
that p(v) is strictly increasing on [0, v, ] and decreasing on {v,. 1].

2. MaIN REsuLT

First of all we prove that any zero ip(v) of the function M ()=
(Bz2 +a(v)) J (2)+ zJ.(2), where «(v) is a differentiable function and J.(z)
is the derivative of J (z), satisfies a differential equation of the form

d[):(v)_/):(v)(l+9(/(\'))+ll(\') (2.0)
dv  vHav o) -
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where u(v) is a negative function for every v> —1 and ¢(v) is a positive
function for every v> —1.

In the particular case where f=1 and «(v)= —v* the zeros of M (z) are
the same as those of J(z). Let ip(v) be an imaginary zero of M (z), ie.,
[—B8p%(v)+a(v)]J.(ip(v))+ip(v) J.(ip(v))=0. Using the well known
recurrence relation [8, 45] ip(v) J (ip(v))=vJ. (ip(v)) —ip(v) J., (ip(v)),
and the Mittag-Leffler expansion [8, 497]

1

‘]\'+](ip("'))_ . , - o ' B
m*2zp(»)”§ji”+p2(\’), p> —1

we find that any imaginary zero of M (z) satisfies the equation

’ ' - 1
UL ) e — (2.1)
p(v) Sidiat o)

where j, , is the nth positive zero of J,(z). Differentiation of both sides of
{2.1) gives the differential equation (2.0) with

i j\‘ n(‘{/.v ”/’Jd‘y)
u(vy= —4pi(v) ) —S—=5—= <0, for every v> —1
n=1 (~1;‘11+p_(v))u

and
- 1
o(v)=2p*(v) Y —5————=>0, forevery v> —I.
ngl (,/\‘xn+ph("’))~ y

For x(v)= —v* the differential equation (2.0) takes the form

. dp*(v)
A(v) = u(v), (2.2)
dv
where
v(l—v) al 1
Av)= +2 —— >0, for O<v<l
W="0 2 L e
and
1 - 2v s j\' n(cjj\* I‘I/dv) 1
= —4 e ] for —<v<l. 2.3
HOV= ey T 2 o F s (23
This shows that
dp*(v) 1
—<v<l
W <0, for 5 V<
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We examine the function g(v) in (0, 3). Using the inequalities [4, 5]

X )<2v(1_v2) O<v<l
N v
r 2v+1 (2.4)
dj. 16(v+1)° 3R2(v+ 1) (v+2)°
.j\' n g [l\ n 8 - (‘~7 ) + ( 'l ( ) ]’ "' > - ]
’ dv ‘/' +4 Al:.ll .]\Kll
and the Rayleigh sums
s
U(‘m) 2
‘ ngl I\ "
obtainable from the formulas
O-(l): | (V+n (n) Z o.(/\) ()1 k) n=273 [7]
! 4(v+1) P T

we have from (2.3)

-2 o Jonldivn/dV)

4 )

P2y 2 Gt
(1 —2v)(1+2v) 4 32

(n _

2v(1 —v?) T4 Tuia

wv) =

2)

+26(V+ 1)? U 27(v+ 1) (v+2)° pr

v+4 v+4 '
L =4 1 Sv2 429y + 54 0
4y 2v(1—v) v44 2(v+ D(v+2)(v+3) v +4)? ’

for 0<v<04526.

So for 0 <v<0.4526, it follows from (2.2) that dp*(v)/dv > 0.

The function p?(v) attains only one local maximum in the interval
(0.4526, 0.5). In fact assume that dp*(v)/dv=0 for some ve (0.4526, 0.5).
We prove that d?p?(v)/dv? <0 for this v. Differentiation of (2.2} with
respect to v gives

=), (2.5)
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where
2 % AR U A e d )i )
/ll(V) - +4 8 v, n ,. . 8 v.n
pZ(‘,) ngl (J\%_n +p2)3
2 z ji2
- _ -4 —Jwn
pz(v) ngl (./311+p2)2
J‘ H j & jv n Aj\frﬂ
16 gy el (26)
n;] ]\ n+p )3 ngl (j\z*.)1+p2)2
Using the inequalities (2.4) and j, , /. ,> —j.,, v=0 [2], we have from
(2.6) that
p)
S v+1
)< —4
ngl .]\ n+p ) V(l—vz)
]\ n
+16 }: (2.7)

171 v, n=1Jvn

Since j, ,<j,,/(v+1),v> —1,and j, ,>v+ 1[I, 3], we obtain from (2.7)

i IV v+ 1
n:l(.jfn—‘l—pz)z v(l_vZ)
- 4 1 21

)

v+12n~1]\n V+1]‘1"71]‘”

Wv)< —4

z Ji2 2+ 10w —v+ 1
py< =43 —— - <0,
o UL+ (v 1) (1 =)
for ve(0.4526,0.5). (2.8)

So from (2.5) and (2.8) it follows that d?p*(v)/dv? <0, for ve (0.4526, 0.5).
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